Abstract: We initiate a phenomenological study of "universal relations" in composite Higgs models, which are dictated by nonlinear shift symmetries acting on the 125 GeV Higgs boson. These are relations among one Higgs couplings with two electroweak gauge bosons (HVV), two Higgses couplings with two electroweak gauge bosons (HHVV), one Higgs couplings with three electroweak gauge bosons (HVVV), as well as triple gauge boson couplings (TGC), which are all controlled by a single input parameter: the decay constant f of the pseudoNambu-Goldstone Higgs boson. Assuming custodial invariance in strong sector, the relation is independent of the symmetry breaking pattern in the UV, for an arbitrary symmetric coset G/H. The complete list of corrections to HVV, HHVV, HVVV and TGC couplings in composite Higgs models is presented to all orders in 1/f , and up to four-derivative level, without referring to a particular G/H. We then present several examples of universal relations in ratios of coefficients which could be extracted experimentally. Measuring the universal relation requires a precision sensitive to effects of dimension-8 operators in the effective Lagrangian and highlights the importance of verifying the tensor structure of HHVV interactions in the standard model, which remains untested to date.
Introduction
Measurements of properties of the 125 GeV Higgs boson at the Large Hadron Collider (LHC) so far focus on processes involving one Higgs boson with two other SM particles, such as gauge bosons or heavy-flavor quarks [1] . The consistency of these measurements with predictions from the standard model (SM) gives confidence to the "Higgs nature" of the 125 GeV boson.
A much more open question is whether this is the SM Higgs boson, whose interactions are completely determined by its mass and other SM input parameters. The best precision in current measurement lies in the HVV couplings, which is of the order of 10%. Recall that effects of new particles with a mass of 1 TeV or higher are generically of the order of 5% or less. Therefore, it is perhaps not surprising that no credible deviation has shown up to date. Nevertheless, the study on HVV couplings is very thorough, and involves not only the signal strength, but also the predicted tensor structure of the coupling [2] [3] [4] [5] [6] . On the other hand, due to the limitation in the center-of-mass energy of the LHC, processes involving two Higgs bosons such as the Higgs trilinear coupling and HHVV couplings have very small production rates and remain as untested predictions of the SM.
In spite of the tremendous amount of experimental efforts, there are still outstanding theoretical questions to be answered. In the SM the electroweak symmetry breaking (EWSB) is triggered by the vacuum expectation value (VEV) of the Higgs doublet H, whose potential is
The Mexican hat potential is reminiscent of the effective potential for conventional superconductivity proposed by Ginzburg and Landau in 1950 [7] . In both the SM and the GinzburgLandau theory, the crucial "−" sign in front of the quadratic term in the potential is completely ad hoc, without a microscopic understanding. In 1957, Bardeen, Cooper and Schrieffer (BCS) gave a microscopic theory of conventional superconductivity [8] , which allows one to compute the coefficients µ 2 and λ in the Ginzburg-Landau theory. To the contrary, we do not yet have a microscopic theory for the Higgs potential, as well as the crucial minus sign, even to date. It is a somewhat shocking realization that, more than forty years after the Higgs boson was proposed in Ref. [9] , our understanding of the EWSB is still as primitive as the Ginzburg-Landau theory.
Of course, the lack of a BCS level understanding of EWSB is not without trying. The direct analogy of the BCS theory, where the spontaneous symmetry breaking occurs dynamically, goes by the name of "technicolor" and is now strongly disfavored by experimental data [10] . The compatibility with data can be improved by proposing additional spontaneously broken global symmetries above the electroweak scale, under which the 125 GeV Higgs arises as a pseudo-Nambu-Goldstone boson [11] [12] [13] [14] [15] . In this scenario, the Mexican hat potential is generated radiativelyà la the celebrated Coleman-Weinberg mechanism [16] . This class of models is now referred to as the composite Higgs model and a survey of the literature reveals a garden variety of possibilities [17] , each invoking a different coset structure G/H. Conventional wisdom, based on the seminal work of Callan, Coleman, Wess and Zumino (CCWZ) [18, 19] , has it that different G/H leads to a different low-energy effective Lagrangian. As a consequence, comparisons with the data are usually made on a model-by-model basis, with the minimal coset SO(5)/SO(5) receiving the most attention [20] .
In recent years it was realized that there is an infrared construction of the effective action of Nambu-Goldstone bosons that does not require prior knowledge of the symmetry breaking coset G/H [21, 22] , by focusing on shift symmetries under which the Nambu-Goldstone boson transforms non-homogeneously and nonlinearly,
where a are constant and terms neglected are higher order and nonlinear in π a . The IR construction turned out to be the algebraic realization, at the Lagrangian level [23, 24] , of the "soft bootstrapping" approach pursued by the amplitudes community to reconstruct effective theories using on-shell quantities [25] [26] [27] . In the end, interactions of Nambu-Goldstone bosons only serve one purpose: producing the correct soft limit, the so-called Adler's zero [28] , amid the constraint of unbroken, linearly realized symmetry. For example, for three Nambu-Goldstone bosons transforming as the adjoint of an unbroken SU (2) subgroup of a possibly larger linearly realized symmetry group H, their self-interactions are entirely determined by producing the correct soft limit, subject to the constraints of the linearly realized SU (2) subgroup, and remain agnostic to the rest of the coset structure G/H except for the normalization of the decay constant f . For a viable composite Higgs models, the 125 GeV Higgs always transforms as the fundamental representation (4) of an unbroken SO(4) subgroup of H. As a result, their self-interactions, as well as interactions with electroweak gauge bosons, are universal in composite Higgs models, even after integrating out heavy composite resonances that are typically present in these models [29] . Before we proceed further, it is instructive to address three potential questions that may arise, especially from non-experts, regarding the universal relations:
1. Must the 125 GeV Higgs transform as the 4 of an SO(4) subgroup of H?
By construction the electroweak SU (2) L ×U (1) Y group is broken only by the Higgs VEV and is unbroken above the weak scale. Thus the linearly realized symmetry H must contain SU (2) L × U (1) Y as a subgroup. However, it is well-known that the Higgs sector of the SM model contains an accidental SO(4) ≈ SU (2) L × SU (2) R symmetry, referred to as the custodial invariance [30] , which is responsible for protecting the precisely measured ρ parameter. As a result, viable composite Higgs models typically choose an H that contains the larger SO(4) custodial symmetry. The compatibility with the ρ parameter is much improved when the 125 GeV Higgs transforms as the 4 of SO (4) subgroup.
Is the universality implied by the minimal coset SO(5)/SO(4)?
Some might argue that, under the assumption of a single light Higgs boson at 125 GeV, the low-energy effective theory of an arbitrary coset G/H must reduce to the minimal SO(5)/SO(4) coset, upon integrating out heavy composite resonances. The universality is therefore a consequence of the uniqueness of the minimal coset structure. It turns out that IR construction of the Nambu-Goldstone interactions in Refs. [23, 24] does not depend on the existence of other light degrees of freedom. For example, in models containing two light Higgs bosons,H 1 and H 2 , the low-energy coset structure will not be SO(5)/SO(4). 1 In this case the effective Lagrangian for self-interactions among H i , i = 1, 2, will remain identical to the one from the SO(5)/SO(4) coset, up to the normalization of the decay constant f . This work is organized as follows. In Section 2 we begin with a non-technical argument leading to the infrared construction of Nambu-Goldstone effective actions without reference to a coset structure G/H. Then we provide a summary of the results in general and then specialize to the case of the Higgs transforming as the 4 of SO(4). In Section 3 we give the complete list of operators contributing to HVV, HHVV, HVVV and TGC predicted in the composite Higgs models, up to all orders in 1/f and four-derivative level. Seven universal relations are presented, in the unitary gauge, relating the various coefficients which could be extracted experimentally. A preliminary phenomenological study on the universal relations is given in Section 4, followed by the Conclusion. We also include two appendices: Appendix A on our convention of SO(4) group generators and Appendix B on matching the universal nonlinear Lagrangian to linearized dimension-6 operators.
The Infrared Perspective

An Overview
Properties of Nambu-Goldstone bosons were studied intensively in the context of pions in low-energy QCD. A large body of work on "soft pions" exists in the literature, some of which turn out to be independent of the pattern of chiral symmetry breaking in QCD. One example that is especially relevant to our discussion is the Adler's zero condition [28] , which states that on-shell amplitudes of pion scattering in the exact massless limit must vanish as one external momentum taken to zero, as a consequence of the spontaneously broken chiral symmetry.
It turns out that the Adler's zero condition can be taken as the defining property of Nambu-Goldstone bosons. By constructing S-matrix elements that always satisfy the Adler's zero condition, it is possible to arrive at the complete (tree-level) amplitudes of pions without referring to the notion of "spontaneous symmetry breaking." At a practical level, the construction starts at the 4-point(pt) partial amplitude [35] , which are the "flavor-ordered" amplitudes with flavor factors stripped away, much like the color-ordered partial amplitudes in QCD. Partial amplitudes are symmetric under cyclic permutations of external particles. Fig. 1 and it is easy to see that the following amplitude satisfies the Adler's zero condition:
where we have used the notation s ij = (p i + p j ) 2 = 2p i · p j and absorbed the proportionality constant c into the normalization of f . Upon momentum conservation, M 4 vanishes as any one of the external momenta is taken to zero. 4 One can then construct the 6-pt amplitudes by using the 4-pt interaction vertex given in Eq. (2.1). There are three contributions shown in Fig. 2 where
Obviously, the sum does not vanish as one external momentum is taken soft. The resolution is to introduce a 6-pt interaction vertex, shown in Fig. 3 , whose sole purpose is to satisfy the Adler's zero condition. If the following 6-pt vertex is added to Eq. (2.2), as shown in Fig. 3 ,
3) the resulting 6-pt amplitude 
vanishes as any one of the external momenta is taken to zero. Notice that Eq. (2.3) is totally symmetric in cyclic permutations of external particles, after imposing the momentum conservation. This "soft bootstrapping" was carried out up to 8-pt amplitudes in Ref. [36] and completed to an arbitrary number of external legs in Refs. [25, 26] . Figure 3 : The 6-pt interaction vertex required by imposing the Adler's zero condition on
interaction vertices are completely determined by starting with the 4-pt vertex in Eq. (2.1) and repeatedly requiring the Adler's zero condition for all higher point amplitudes. The only free parameter resides in the proportionality constant c in Eq. (2.1), which was absorbed into the normalization of f . The most important lesson from this exercise, for the purpose of our discussion, is that the tree amplitudes and interaction vertices are constructed without ever referring to a coset G/H, as long as the notion of "flavor ordering" exists. How does one realize the above diagrammatic argument algebraically at the Lagrangian level? It turns out that the Adler's zero condition follows from the Ward identity of the shift symmetry in Eq. (1.2) [37] . This can be understood intuitively as follows: the shift symmetry forbids non-derivative interactions in the Lagrangian so that interaction vertices in the Feynman diagrams carry positive powers of external momenta. Therefore, when one external momentum is taken to zero, the S-matrix element vanishes unless one of the internal propagator goes on-shell, which requires the presence of a cubic vertex [37] . However, for symmetric cosets employed in most, if not all, of the composite Higgs models, the internal Z 2 automorphism forbids cubic couplings among three Nambu-Goldstone bosons [38] . As a consequence, the shift symmetry in Eq. (1.2) implies the Adler's zero condition.
For a set of scalars transforming non-trivially under a linearly realized symmetry group H, Eq. (1.2) need to be expanded. More specifically, consider a set of scalars π a furnishing a linear representation of H, π a → π a + iα i (T i ) ab π b + O(α 2 ), where T i is the generator of H. It is convenient to choose a basis where T i is purely imaginary and anti-symmetric, (T i ) T = −T i and (T i ) * = −T i . Then at the next-to-leading order in 1/f 2 , the shift symmetry in Eq. (1.2) becomes [21, 22] ,
where c is an arbitrary constant related to the normalization of f . Due to the anti-symmetricity of T i , Eq. (2.5) has the property that the 1/f 2 term vanishes if all but one Goldstone boson is set to zero. This ensures on-shell amplitudes of same-flavor Goldstone bosons satisfy both the Adler's zero condition and the Bose symmetry. The two-derivative Lagrangian satisfying the next-to-leading order shift symmetry is
One can check that the 4-pt flavor-ordered amplitudes from Eq. (2.6) gives precisely Eq. (2.1).
Going to higher orders, it will be convenient to define the matrix T :
where we have chosen c = 2 so as to conform with the convention in the literature in composite Higgs models. Then the nonlinear shift symmetry that enforces the Adler's zero condition to all orders in 1/f is [23, 24] 8) and the two-derivative Lagrangian invariant under the nonlinear shift symmetry is
The 6-pt vertex in Fig. 3 arises from the 1/f 4 term in L (2) , which is introduced so that the Lagrangian is invariant under the shift symmetry in Eq. (2.8) up to the order of 1/f 4 . Therefore, one sees how the nonlinear shift symmetry implements the soft bootstrapping at the Lagrangian level. The Lagrangian L (2) is written entirely using generators of H, without reference to any coset G/H, as long as the linear representation furnished by π a satisfies [21, 22] 
This is a consistency condition imposed on the class of representations in which the lowenergy effective Lagrangian can be constructed using only IR data. A direct comparison with the conventional CCWZ approach using a particular coset G/H can be made upon the identification
Then it is clear that Eq. (2.10) corresponds to the Jacobi identity of the structure constants f iab of G/H.
Effective Lagrangian Up to p 4 and All Orders in 1/f
The effective Lagrangian of Nambu-Goldstone bosons involves the systematic expansion in two parameters: the decay constant f and the number of derivatives ∂ µ . The Lagrangian in Eq. (2.9) contains two derivatives and resums terms to all orders in 1/f . The overall coefficient of 1/4 is determined by requiring a canonically normalized kinetic term, while the particular form of the function F 2 is fixed by the nonlinear shift symmetry in Eq. (2.8), up to an overall rescaling of f . To go beyond the two-derivative Lagrangian, it is necessary to introduce two objects with well-defined transformation properties under the nonlinear shift symmetry,
where U ∈ H and its explicit form is irrelevant for our discussion. Note that the Goldstone covariant derivative d a µ transforms in the same representation as π a under H, while the gauge connection E i µ sits in the adjoint representation of H. Both of them can be expressed in terms of IR data only [21, 22] ,
14)
where F 2 (T ) is defined in Eq. (2.9) and
In this notation the two-derivative Lagrangian is simply
which is manifestly invariant under the nonlinear shift symmetry. At O(p 4 ), it is a well-known result from chiral perturbation theory that, without gauging any subgroup of H, there are three independent operators that can be constructed out of d a µ and E i µ [39] . First let's define the field strength tensor
Then the three operators can be chosen to be
The effective Lagrangian up to O(p 4 ) and to all orders in 1/f is then 20) where c i are incalculable coefficients encoding our ignorance of the UV physics. On the other hand, all coefficients in the 1/f expansion are completely fixed by the IR physics enforced by the nonlinear shift symmetry. Gauging a subgroup of H will introduce additional operators. In what follows we will restrict our attention to the case relevant for a composite Higgs boson, where an SU (2) × U (1) inside the SO(4) subgroup of H is gauged.
The Fundamental Representation of SO(4)
As explained in Section 1, a viable composite Higgs model must have the 125 GeV Higgs transforming as the fundamental representation of the SO(4) subgroup of H. Using the explicit expression of group generators in Appendix A, it is easy to see that they satisfy the following completeness relation:
so that Eq. (2.7) can be written as 25) where (4), the two-derivative Lagrangian in the unitary gauge looks particularly simple,
where h is the 125 GeV Higgs. In particular sin θ ≡ v/f , where v = 246 GeV, is the misalignment angle between the G/H breaking and the electroweak symmetry breaking. This can be seen from reading off the mass of the electroweak gauge boson in Eq. (2.26):
Sometimes it is convenient to expand the effective Lagrangian in h/v,
For example, the first two coefficients are
where ξ ≡ v 2 /f 2 . Moreover, every single coefficient b nh is fixed by the nonlinear shift symmetry, up to the normalization of f . One important observation here is that, at the two-derivative level, HVV and HHVV couplings have the same tensor structure as predicted in the SM. Furthermore, the strength of both couplings are reduced from the SM, which corresponds to v/f → 0, for a real-valued f . This is the case for all compact coset G/H. For a non-compact coset, f is purely imaginary and the strength is enhanced. At the four-derivative level, however, new tensor structures will appear.
The gauging the electroweak SU (2) L × U (1) Y will introduce additional building blocks for the effective Lagrangian at O(p 4 ) level. Formally we can choose to gauge the full SO(4). In Eq. (2.14) this amounts to replacing
where T i is the generator of SO(4). The gauging of SO(4) breaks the nonlinear shift symmetry, similar to the gauging of U (1) em in chiral perturbation theory. The effect of such a breaking can then be captured by treating the SO(4) gauge field as a "spurion" in the 4 of SO(4). Then one sees that the following object transforms covariantly in the same way as
which nonetheless is not invariant under local SO(4) gauge transformations. But this is easy to fix, by replacing the SO(4) gauge field with the corresponding field strength tensor,
On the other hand, since the SO(4) gauge field A µ transforms under a local H-rotation in the same way as in Eq. (2.13), E µ is now modified to be
One can identify another spurion in the adjoint representation of SO(4) and construct the following covariant object:
Both f ± µν transforms under local H-transformation as
Again both operators are constructed using only the infrared data, without recourse to a coset G/H. Here we follow the notation in Ref. [40] , which constructed the corresponding operators in the CCWZ formalism.
Then each object carrying the SO(4) adjoint index can be divided into two categories, according to whether it transforms under SU (2) L or SU (2) R . In addition, recall that an SU (2) × U (1) subgroup is identified with the electroweak gauge group. Our convention of SO(4) and gauged generators are listed in Appendix A. In the end the expressions for d a µ , E i µ , (f − µν ) a and (f + µν ) i for SO(4) in the unitary gauge are given by
where the superscripts L and R refer to the upper and lower signs, respectively, and r = 1, 2, 3 is the adjoint index in SU (2) L/R . Using these building blocks, one can construct 11 independent operators at O(p 4 ) [40] , seven of which are even under space inversion x → − x and not contracted with µνρσ . We will focus on these seven CP-even operators in this work, compute them to all orders in 1/f and study their phenomenological consequences. They can be written as
where T r L/R is the SU (2) L/R generator Appendix A. The power counting of the four-derivative Lagrangian is governed by the naive dimensional analysis (NDA) [41] , which states that each Nambu-Goldstone field π is suppressed by f , while the (gauge covariant) derivative D µ is suppressed by Λ ∼ 4πf ,
where c i are expected to be order unity constants parameterizing the incalculable UV physics at the scale Λ ∼ 4πf . In some cases operators contributing to couplings of neutral particles and the on-shell photon are further suppressed by additional loop factors. In composite Higgs models there are typically additional resonances at the scale m ρ = g ρ f , where 1 g ρ 4π characterizes the coupling strength associated with the strong dynamics. After integrating out these resonances, the nonlinear structure of the effective Lagrangian remains the same, with the Λ scale suppressing the derivative operator D µ replaced by m ρ [42] :
Notice that when g ρ saturates 4π, the "SILH" power counting reverts to NDA in Eq. (2.45).
There are certainly additional effects that break the nonlinear shift symmetry, such as the Higgs potential and the Higgs coupling to fermions. However, as argued in Ref. [29] , they would modify the nonlinearity in Eq. (2.46) only at the loop-level.
Universal Relations
The effective Lagrangian in Eq. (2.46) describes the nonlinear interaction of a composite Higgs boson with the electroweak gauge bosons to all orders in 1/f and up to the four-derivative level. It is most convenient to express the Lagrangian in unitary gauge, 
More specifically, operators in I h i involve the following structures
where D µν = ∂ µ ∂ ν − η µν ∂ 2 and V 1/2 ∈ {W, Z, γ}. Those in I 2h i are given by Table 1 : Single Higgs coupling coefficients C h i for the non-linearity case (NL) and the purely dimension-6 contributions (D6) in SMEFT. Here c w , t w denote cos θ W , tan θ W respectively, where θ W is the weak mixing angle.
4(−2c
Lastly, operators in the I 3V i class are of the form
The complete list of operators in each category is listed in Tables 1-3 , where we have computed the coupling C i in terms of the c i coefficient in Eq. (2.46). There are 6 operators in I h i , 10 in I 2h i and 9 in I 3V i . These three tables summarize the predictions of universal nonlinearity (NL) from a composite Higgs in Higgs couplings with electroweak gauge bosons.
It is instructive to compare with modifications in HVV and HHVV couplings from the Standard Model Effective Field Theory (SMEFT) [44] , which augments the SM Lagrangian with higher dimensional operators with arbitrary coefficients. In particular, the dim-6 and dim-8 operators relevant for our discussion are parameterized as follows: The most important observation for our purpose is that there are only 6 unknown c i 's in Eq. (2.46), which parameterize effects of the incalculable ultraviolet physics. These 6 coefficients enter into Tables 1-3 , which contain a total of 25 operators entering HVV, HHVV, Table 2 : The coupling coefficients C 2h i involve two Higgs bosons for universal nonlinearity case (NL) and the dimension-six case in SMEFT (D6). A cross (×) means there is no contribution at the order we considered. Notice C 2h i = C h i /2 for SMEFT at the dimension-6 level.
HVVV and TGC couplings. In principle, these operators can all be measured experimentally through angular distributions of decay products, with varying degrees of precision. "Universal relations" are precisely relations among the coefficients of the 25 operators listed in Tables 1-3 that are independent of the unknown c i coefficients. They depend on only one parameter sin θ = v/f , or equivalently the normalization of the decay constant f , and are insensitive to the coset structure G/H invoked in the UV.
From Tables 1-3 one can see that, for SMEFT at the dimension-6 level, C h i and C 2h i are related
This is because at this order the operators involve to the combination H † H ∼ (h + v) 2 = h 2 + 2vh + v 2 , which gives the relation above. It will not hold anymore at the dimension-8 or higher, which involves a higher power in H † H. In addition, the term involving v 2 does not give rise to any new relations among the Wilson coefficients because this term usually goes into redefining the SM couplings that are used as input parameter experimentally. We demonstrate this subtlety explicitly in the case of the HVVV couplings in Appendix B. Furthermore, it is interesting to observe in Tables 1 and 2 the following relations involving HZZ and HHZZ Using these relations, it is straightforward to derive the following three universal rations involving only the HVV and aTGC couplings:
UR1 : 13) where ξ = v 2 /f 2 = sin 2 θ. The second class of universal relations involve HVV and HHVV couplings. These relations come about naturally in composite Higgs models because of the nonlinear symmetry (or broken symmetry in the CCWZ formalism) relating one to the other. In this case we found the following useful relations as signs of universal nonlinearity,
UR4 :
C 2h
UR5 :
UR6 :
In addition there is one universal relation involving HVV and HVVV couplings:
As emphasized already, these relations are all determined by the one single input parameter sin θ and free from the incalculable coefficients in Eq. (2.46). One can compare the prediction of universal nonlinearity with that from SMEFT with arbitrary Wilson coefficients. For the purpose of demonstration, we consider UR4 and UR6. Using the parameterization in Eq. (3.6), they become at the leading order in ξ,
These relations make it clear that predictions of universal nonlinearity start appearing at the level of dimension-8 operators. More specifically, the nonlinear shift symmetry of a composite Higgs boson relates Wilson coefficients of certain dimension-8 operators with those of dimension-6 operators so that their ratios are fixed. In fact, at the two-derivative level, all Wilson coefficients in the 1/f expansion are uniquely determined, up to the normalization of f . This implies effects from purely dim-6 operators can be absorbed into a re-scaling of f . To make a statement on the universal nonlinearity it is necessary to include effects from dimension-8 operators.
Testing the Universal Relations: A Preliminary Study
In order to test the universal relations experimentally, it is necessary to connect the O(p 4 ) operators in Tables 1-3 with observables. There are four classes of couplings that participate in the universal relations: HVV, TGC, HHVV and HVVV, and we need to measure them up to O(p 4 ) with great precision, as the effect of nonlinearity only shows up at the level of dim-8 operators.
(For recent studies on effects of some class of dim-8 operators, see Refs. [45, 46] .) The necessity of high precision makes it desirable to introduce new analysis techniques [47, 48] , which is beyond the scope of the present work. The first class, HVV couplings, received much of the attention and was the top priority at the LHC Run 1. The different operators can be probed by studying kinematic distributions in the decay product of single Higgs production [2] [3] [4] [5] [6] . Not surprisingly, most projections on extracting Higgs couplings in future colliders also focus on this class [49] [50] [51] . The second class, the TGC couplings, has also been studied extensively [43, 52, 53] . The HHVV and HVVV couplings, to the contrary, seems to have escaped much of the attention. In particular, the HHVV coupling sits among the least tested sectors of the SM Higgs boson. A number of theoretical studies exist in the literature [54] [55] [56] [57] [58] , although none specifically addresses the issue of measuring the tensor structures, which requires including the complete list of operators up to O(p 4 ). Therefore, it is clear that testing the universal relation is a long-term program and should be among the priorities of the future experimental program on the Higgs boson. In the remainder of this work, we will be content with a very preliminary phenomenological study on universal relations in composite Higgs.
As a first step toward studying phenomenological consequences of universal relations, in Tables 4-6 we give the Feynman rules for the interaction vertices listed in Tables 1-3 . In the tables, we have taken all the momenta ingoing to the vertices. The Lorentz structures of the operators have already been spelled out in Eqs. (3.3)-(3.5). For HVV couplings, the structure V
for an on-shell V 2 boson. This can be seen either by applying the equation of motion for V 2 or simply dotting the Feynman vertex with the V 2 polarization vector. Therefore, if V 2 = γ, the corresponding operator will not contribute to processes involving an on-shell photon. However, it was pointed out in Ref. [59] , HZγ and Hγγ couplings contribute non-negligibly to H → ZZ * /Zγ * /γ * γ * → 4 channels, which could be leveraged to extract these couplings [60] . Such analyses have been performed at the LHC [61] and the resulting constraints on anomalous HVV couplings are still rather weak. ν) operators. All the momenta are taken to be ingoing. Table 5 : The tensor structure of 
For example, at the 1σ level various anomalous HVV couplings could still contribute up to O(50%) of the observed HWW and HZZ signal strengths. Given that all the universal relations are controlled by one input parameter: the Goldstone decay constant f , it is important to have a precise measurement of f . Conventionally f is extracted from the signal strengths, κ W and κ Z , in h → W W and h → ZZ channels using Eqs. (2.28) and (2.29). 5 For a precise determination of f this is unsatisfactory because O(p 4 ) operators listed in Table 4 enter into κ W and κ Z as well. A careful analysis including these effects is currently lacking and beyond the scope of the present work. Instead, in Figure 4 we will be content with an experimental constraint on f without including effects of O(p 4 ) operators, by using currently available data at the LHC [1, 62, 63] . One can see that the bound on ξ is still rather weak, where we show both the allowed 68% CL (central values with uncertainties) and 95% CL (in square brackets) intervals. There is a slight preference for a negative ξ. It has been pointed out that a positive ξ signals a compact coset G/H, while a negative ξ requires a non-compact coset [21, 22] . In the following we will focus on UR1 in Eq. (3.11), which involves only the TGC and HVV couplings, and study its potential observability at future lepton colliders. Here we adopt the viewpoint that the universal relations can be thought of as different ways to measure the parameter ξ. If the ξ extracted from various universal relations all converge on a common value within the experimental precision, that would serve as a smoking gun signal of the "nonlinear shift symmetry" enforcing the universal relations. Conversely, if the ξ obtained from different universal relations are inconsistent with each other, then the composite Higgs model is falsified.
Our analysis is based on the projection in Ref. [50] , as well as similar studies in Refs. [49, 51, 64, 65] . The normalization of Wilson coefficients in Table 1 is different from that defined in Eq. (A.2) of Ref. [50] . They are related as follows:
One can then obtain the projected precision of various Wilson coefficients in future lepton colliders, which we give in Table 7 . The expected 1σ uncertainty on the coefficients entering UR1 is
5 There are constraints on f from considering the fermion sector of a particular composite Higgs model. But these are model-dependent. On the other hand, constraints derived from HVV couplings are independent of G/H and the embedding of the fermion sector at the tree-level [29] . 
UR1
:
Both N UR1 and δκ δ can be extracted experimentally. In Fig. 5a we show the measured ξ and its uncertainty as a function of δκ γ , using a benchmark N UR1 as the input, while in Fig. 5b we reverse the roles of δκ γ and N UR1 . The gray area is excluded by current HVV signal strength measurements at the LHC, and the allowed region is still quite large today. However, in a future lepton collider the precision on HVV signal strength is expected to be at the subpercent level [50] , 7 which would allow for a precise determination of ξ that is independent of UR1. If the ξ extracted from two separate channels turn out to agree with each other within experimental uncertainty, it would constitute a striking confirmation of the underlying shift symmetry acting on the 125 GeV Higgs boson. Otherwise, a generic composite Higgs boson would be strongly disfavored.
Conclusion and Outlook
In this work we presented a number of universal relations in models where the Higgs arises as a pseudo-Nambu-Goldstone boson. These relations are dictated by the underlying nonlinearly realized symmetry acting on the 125 GeV Higgs boson, which is embodied in the nonlinear shift symmetry in Eq. (2.8). From the infrared perspective, the shift symmetry simply enforces the correct single soft limit in the S-matrix elements of the Nambu-Goldstone boson and turned out to be insensitive to the nature of the broken group G in the UV. Under the well-motivated assumption of the Higgs transforming as the 4 of an SO(4) subgroup of the unbroken group H, the shift symmetry allows one to construct a universal effective Lagrangian for the composite Higgs boson, without reference to a particular symmetry breaking pattern G/H. In particular, interactions of the 125 GeV Higgs with the electroweak gauge bosons: the HVV, HHVV, HVVV and TGC couplings remain universal even after integrating out other heavy composite resonances [29] . Universal relations are ratios among the HVV, HHVV, HVVV and TGC couplings that depend on only one input parameter: the Goldstone decay constant f . Experimental verification of the universal relation would constitute a cosetindependent smoking gun signal of the pseudo-Nambu-Goldstone nature of the Higgs boson.
We presented the complete list of predictions from a composite Higgs boson in HVV, HHVV, HVVV and TGC couplings to all orders in 1/f and up to O(p 4 ) in Tables 1 -3 , as well as a number of universal relations, which are expressed in terms of coefficients that can be measured experimentally. These coefficients involve different tensor structures in HVV, HHVV, HVVV and TGC couplings. To facilitate future phenomenological analyses, we provided the Feynman rules in Table 4 -6.
Because the universal relations all involve one single input parameter f , they can be viewed as different ways to extract f experimentally. A composite Higgs boson would then manifest itself in the consistent measurement of f from different universal relations. Conversely, if different measurements arrive at incompatible values of f , it would invalidate the nonlinear symmetry acting on the composite Higgs boson.
As a preliminary study, we provided an updated bound on f using the signal strength measurement on HVV couplings, without including O(p 4 ) effects in the effective Lagrangian, as is conventionally done in the literature. In the future it would be desirable to include these effects for a precise determination of f . Then we proceeded to study UR1 in Eq. (3.11), which involves only the HVV and TGC couplings at future lepton colliders. We presented the expected precision on the extraction of ξ using UR1 in Fig. 5 .
Last but not least, we comment on the prospect of testing universal relations involving HHVV and HVVV couplings. In particular, the HHVV coupling is predicted in the SM but among the least studied experimentally. For this reason alone, studying HHVV coupling should be among the top priority in future experimental programs on the Higgs boson. We see the following venues to test the HHVV coupling, which are shown in (c) Double Higgs production in association with a vector boson: ff → V * → 2h + V . In a hadron collider the initial states are quarks and in an e + e − collider they are electrons.
(d) Off-shell single Higgs decay:
The VBF channel has been studied previously [54] [55] [56] [57] [58] and the prospect at a future lepton collider has also been considered [66] [67] [68] [69] [70] . On the other hand, we are not aware of any studies in the associated production channel or the off-shell single Higgs decay channel. More importantly, as have been emphasized repeatedly, the ultimate goal is to not only measure the signal strength in these channels, but also test the specific tensor structures predicted in the SM, in much the same way we verify the HVV coupling at the Run 1 of the LHC. This aspect of testing the HHVV structure has received very little attention in current literature. It is also clear that the same production and decay topology can be used to measure HVVV couplings, by replacing one of the external Higgs bosons by an electroweak gauge boson. Obviously, these are very challenging experimental tasks and it is desirable to introduce advanced tools to facilitate the analysis. Much remains to be done, and we hope to return to some of these topics in the future. Upon integration-by-parts, one can obtain a term proportional to W a µν W aµν , which should be absorbed into the definition of the gauge couplings by canonically normalizing gauge kinetic term. Similar reasoning applies to O B as well. In Eq. (B.5) and Eq. (B.7), we have performed such redefinitions of the gauge couplings.
